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Abstract—This paper provides an overview of the universal study of families of dynamical
systems undergoing a Hopf–Ne˘ımarck–Sacker bifurcation as developed in [1–4]. The focus is on
the local resonance set, i.e., regions in parameter space for which periodic dynamics occurs. A
classiﬁcation of the corresponding geometry is obtained by applying Poincare´–Takens reduction,
Lyapunov–Schmidt reduction and contact-equivalence singularity theory, equivariant under an
appropriate cyclic group. It is a classical result that the local geometry of these sets in the non-
degenerate case is given by an Arnol’d resonance tongue. In a mildly degenerate situation a more
complicated geometry given by a singular perturbation of a Whitney umbrella is encountered.
Our approach also provides a skeleton for the local resonant Hopf–Ne˘ımarck–Sacker dynamics
in the form of planar Poincare´–Takens vector ﬁelds. To illustrate our methods a leading example
is used: A periodically forced generalized Duﬃng–Van der Pol oscillator.
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1. INTRODUCTION
This paper reviews the study of resonant Hopf–Ne˘ımarck–Sacker (HNS) bifurcations in families
of continuous and discrete dynamical systems as presented in [1–4]. The main topic is a novel
procedure to detect such bifurcations for the well-known non-degenerate and a mildly degenerate
situation. Especially the investigation of the mildly degenerate resonant HNS bifurcation goes
beyond known results, since it corresponds to a “next case” in the general program for recognizing
bifurcations, cf. [5, 6]. Moreover, by considering Poincare´–Takens normal form vector ﬁeld families
we show that given the degeneracy the local bifurcation diagram is approximately known.
Leading example. Continuous systems that typically give rise to resonant HNS bifurcations
are given by, e.g., coupled oscillators, cell-networks, high dimensional autonomous systems,
and periodically forced oscillators. To ﬁx thoughts we consider an example of the latter type:
A periodically forced generalized Duﬃng–Van der Pol oscillator [7, 8] given by
u¨ + (ν1 + ν3u2)u˙ + ν2u + ν4u3 + u5 = ε(1 + u6) cos(2πt), (1.1)
where u ∈ R, t ∈ R, ε is a small positive real constant and ν = (ν1, ν2, ν3, ν4) ∈ R4 is a multi-
parameter. We note that a necessary requirement for (1.1) to exhibit resonance is that ν1 < 0 and
ν2 > 0. Furthermore, including the terms of degree 5 and 6 in u turns out to be one of the simplest
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too degenerate resonance phenomena. Both Duﬃng and Van der Pol type oscillators originate from
electrical circuits [9, 10].
Resonance. We speak of resonance when a dynamical system contains interacting oscillatory
subsystems with rationally related frequencies. To obtain an appropriate form for investigating





v˙ = −(ν1 + ν3u2)v − ν2u− ν4u3 − u5 + ε(1 + u6) cos(2πt),
t˙ = 1,
(1.2)
where (u, v, t) ∈ R2 ×R/Z. For ε = 0 and without the t-component the system has an equilibrium
at (u, v) = (0, 0). Since t runs over a circle, including the t-component causes this equilibrium to
become a periodic evolution of (1.2) that goes through (u, v, t) = (0, 0, 0), see Fig. 1. To study the
dynamics near this periodic evolution we focus on a section of state space with a constant t-value
and on the corresponding discrete dynamics induced by the period-1-map, or Poincare´ map, Pν
of the ﬂow of (1.2). The periodic evolution of (1.2) leads to a ﬁxed point of Pν , which for small
positive values of ε is given by (u, v) = (0, 0) + O(ε). Since system (1.1) consists of two oscillatory
subsystems, given by the periodic forcing and the Duﬃng–Van der Pol oscillator, we expect that
resonant dynamics occurs for certain ν-values. For Pν this phenomenon shows itself as q-periodic
orbits near the ﬁxed point, see Fig. 1. The evolution of (1.2) that gives rise to such periodic orbits
are called subharmonics of order q. As the q-periodic orbits are typically situated on an invariant
circle, the corresponding subharmonics close after going p times around in a direction transversal
to the t-direction and q times around in the t-direction on an invariant torus. In this case we speak
of p : q-resonance.
We are especially interested in resonance sets, i.e., regions in parameter space for which q-
periodic orbits of the Poincare´ map occur. On the boundary of these sets the number of these
orbits typically changes through a saddle-node bifurcation. Depending on the degeneracy several




Fig. 1. Left: Sketch of (u, v, t) state space showing a section with t constant, a periodic evolution (thick
curve) and a subharmonic of order 7 (thin curve). Right: Sketch of the section with t constant in the left
panel, indicating a ﬁxed point and a 7-periodic orbit of the Poincare´ map Pν on an invariant circle.
1.1. Classical Non-degenerate Resonance
Our approach recovers that the simplest resonance scenario is given by the weakly resonant
(q  5) non-degenerate case. In this situation the resonance set is formed by a well-known tongue
shaped region, the so-called Arnol’d resonance tongue [5]. Upon passage of the corresponding
boundaries a pair of subharmonics appears or merges in state space, see Fig. 2. The tip of the tongue
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is called a resonant Hopf–Ne˘ımarck–Sacker (HNS) bifurcation point, since at this parameter value
the resonance set is attached to a set of Hopf–Ne˘ımarck–Sacker (HNS) bifurcations. If the latter
set of bifurcations is crossed transversally in parameter space, then a ﬁxed point of the Poincare´
map undergoes a change in stability causing an invariant circle to branch oﬀ or merge with the
ﬁxed point, again see Fig. 2.
Recognition problem. One of our main aims is to solve the recognition problem for p : q-
resonant HNS bifurcations, i.e., provide conditions that determine the parameter values for which
such a bifurcation occurs. A ﬁrst condition these parameter values should satisfy is that the linear
part of the Poincare´ map at a ﬁxed point has a pair of eigenvalues of the form e±2πip/q with
0 < |p| < q ∈ N and gcd(p, q) = 1. Secondly, the degeneracy of the bifurcation depends on higher
order derivatives at the central bifurcation point. In [3] an explicit set of polynomial conditions in
ﬁnite order coeﬃcients of the series expansion of a periodically forced oscillator is presented that
determine which parameter values correspond to a non-degenerate resonant HNS bifurcation. For
example, for the system given in (1.2), with (p, q) = (1, 7), we obtain that the tip of the Arnol’d
tongue is located on the following 2-dimensional subset of parameter space:
{
ν ∈ R4 | ν1 = 0, ν2 = 449π2, ν23 + ν24 = 0
}
. (1.3)
The equalities ν1 = 0 and ν2 = 449π
2 ensure that the critical eigenvalues of the Jacobian of the
Poincare´ map at the central ﬁxed point are of the form e±2πi/7 and the inequality ν23 + ν
2
4 = 0
causes appropriate higher order coeﬃcients in a series expansion of (1.2) to be non-zero. We note







Fig. 2. Sketch of the bifurcation diagram of a Poincare´ map of the forced Duﬃng–Van der Pol system given
in (1.2) for q = 7 and ﬁxed non-zero values of ν3, ν4 and ε. The bifurcation set, a subset of parameter space
given by parameter values for which there is a qualitative change in the dynamics, consists of the cusp-shaped
boundary of an Arnol’d resonance tongue and a dashed Hopf–Ne˘ımarck–Sacker (HNS) line. The phase portraits
show that for region 1 there are two 7-periodic orbits of the Poincare´ map on an invariant circle that merge
at the boundary. Moreover, the invariant circle merges with the central ﬁxed point if the HNS-line is crossed
from left to right.
REGULAR AND CHAOTIC DYNAMICS Vol. 16 Nos. 1–2 2011
42 BROER et al.
Central questions. The dynamics of the forced Duﬃng–Van der Pol system described above
occurs in all generic 2-parameter families of smooth (Poincare´) maps undergoing a non-degenerate
resonant HNS bifurcation. This is a classical result, so we are more interested in a next case
corresponding to mildly degenerate weakly resonant (q  7) HNS bifurcations. This situation is
encountered in generic 4-parameter families. To be more precise, the main part of the current work
deals with the following central questions:
1. How to detect, or recognize, a mildly degenerate resonant HNS bifurcation in a given family
of smooth (Poincare´) maps?
2. What is the generic local geometry of the resonance set attached to a mildly degenerate
resonant HNS bifurcation?
3. What is the generic local bifurcation diagram near a mildly degenerate resonant HNS
bifurcation?
We note that the resonance set only gives information on bifurcations of q-periodic orbits of maps,
while the bifurcation set also incorporates other types of bifurcations involving, e.g., invariant circles
and stable and unstable manifolds.
To solve the ﬁrst two central questions we apply Lyapunov–Schmidt reduction, which maps
a family of maps near p : q-resonance to a family of Zq-equivariant maps, such that the zeros of
the latter family correspond to periodic orbits of the former family. Then Zq-equivariant contact-
equivalence singularity theory is utilized to obtain recognition conditions and the geometry of the
resonance set for the mildly degenerate case. To answer the third central question we apply the
Poincare´–Takens normal form procedure, which provides an approximating family of vector ﬁelds
for the family of (Poincare´) maps. The dynamics of the latter family is investigated by studying
the vector ﬁeld family using (numerical) methods from bifurcation theory.
1.2. Mildly Degenerate Resonance
We continue discussing mildly degenerate resonant HNS bifurcations in the Duﬃng–Van der Pol
family given in (1.2). In particular, we focus on a 1 : 7-resonance, since this is the strongest mildly
degenerate weak resonance. We note that the geometry and dynamics described here is generic and,
therefore, occurs in all families of smooth (Poincare´) maps undergoing a mildly degenerate HNS
bifurcation.
Recognition problem. We start with the solution of the recognition problem. By using
the tools presented in [3], which amounts to checking a set of polynomial conditions in ﬁnite
order coeﬃcients of a series expansion of (1.2), we arrive at the following result. System (1.1)
undergoes a mildly degenerate 1 : 7-resonant HNS bifurcation for the following 0-dimensional subset
of parameter space:
{
ν ∈ R4 | ν1 = 0, ν2 = 449π2, ν3 = 0, ν4 = 0
}
. (1.4)
This set is computed up to order O(ε). The diﬀerence with the recognition conditions for the
non-degenerate case given in (1.3) is that here both ν3 and ν4 are equal to 0.
The boundary of the resonance set attached to the parameter value given in (1.4) is diﬀeomorphic
to the discriminant set of a 4-parameter normal form family, see the next section. To display the
geometry of this set we take 2-dimensional cross-sections of parameter space, see Fig. 3, which
indicates the presence of cusps and a swallowtail. The normal form family also provides a skeleton
for the local dynamics. To understand this we ﬁrst explain the Poincare´–Takens normal form
procedure.
Poincare´–Takens normal form. The Duﬃng–Van der Pol system given in (1.2) is of the




y˙ = hμ(y) + εHμ(y, t),
t˙ = 1
(1.5)
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Fig. 3. The generic geometry of the boundary of the resonance set in the mildly degenerate case for
q = 7 is depicted in several 2-dimensional cross-sections of 4-dimensional parameter space. To be precise,
the displayed boundary is obtained as the discriminant set of the 4-parameter normal form Gσ,τ , with
(σ, τ ) = (σ1 + iσ2, τ1 + iτ2), given later on in (1.8). Because of a symmetry of Gσ,τ , only cross-sections for
positive τ2-values are given. Moreover, only one positive τ1-value is considered, since for all small positive
τ1-values the boundary of the resonance set is cusp-shaped. The top left panel indicates the presence of a
swallowtail-geometry. Concerning the number of periodic orbits, we have that for parameter values inside
the displayed triangular regions four local 7-periodic orbits exist of which two merge on the corresponding
boundary. If next also the outer boundary is crossed in parameter space, then the remaining pair of local
7-periodic orbits merges.
ﬁts the current framework. We note that hμ and Hμ depend smoothly on both the multi-parameter
μ = (μ1, . . . , μn) ∈ Rn and the coordinates y ∈ C or (y, t) ∈ C×R/Z, respectively (for convenience
we identify R2 with C). Moreover, we assume that ε is a small positive real constant, h0(0) = 0,
Dyh0(0) = 2πip/q, and that some further non-degeneracy conditions hold, see [3]. Under these
assumptions system (1.5) exhibits a p : q-resonant HNS bifurcation near μ = 0. By applying
appropriate near-identity transformations and a Van der Pol transformation, the Poincare´–Takens
normal form procedure yields a system with a Zq-symmetric and t-independent (q − 1)-jet [11, 12].
If the vector ﬁeld corresponding to the (q − 1)-jet of the planar ﬁrst component of this normal form
is denoted with Nμ, then a Poincare´ map of (1.2) is given by
Pμ(y) = Ωp/q ◦N1μ(y) + O(|y|q), (1.6)
up to a diﬀeomorphism [13, 14]. Here Ωp/q is the rotation over 2πp/q around the origin and N1μ
is the time-1-map of Nμ. The dependence of Nμ on ε is not explicitly indicated, since ε is a
constant. An important feature of the Poincare´–Takens normal form system is that it still exhibits
dynamical properties of the original system. Moreover, by (1.6) the local q-periodic orbits of Pμ are
approximately given by the local equilibria of Nμ.
We focus on the (q − 1)-jet of the Poincare´–Takens normal form, since only this jet appears
explicitly in (1.6). In the non-degenerate case the polynomial vector ﬁeld Nμ can be simpliﬁed to
the system z˙ = Fσ(z) with
Fσ(z) = z(σ + |z|2) + zq−1, (1.7)
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Table 1. Relations between the dynamics of vector ﬁelds determined by Fσ given in (1.7) or Gσ,τ
given in (1.8) and corresponding Poincare´ maps they approximate. The ﬁrst ﬁve rows give the relations
between local dynamical properties, while the latter two rows give generically expected relations
between more global features.
Approximating vector ﬁeld Poincare´ map
equilibrium ﬁxed point
q diﬀerent equilibria invariant under Ωp/q q-periodic orbit
(degenerate) Hopf bifurcation (degenerate) HNS bifurcation
saddle-node bif. of q diﬀerent equilibria saddle-node bif. of q-periodic orbit
cusp bif. of q diﬀerent equilibria cusp bifurcation of q-periodic orbit
homoclinic connection homoclinic tangle
heteroclinic connection heteroclinic tangle
where σ = σ1 + iσ2 ∈ C, by a locally diﬀeomorphic transformation of state space and a submersive
reparametrization of the multi-parameter. In the mildly degenerate case Nμ can be simpliﬁed to
the system z˙ = Gσ,τ (z) with
Gσ,τ (z) = z(σ + τ |z|2 + |z|4) + zq−1, (1.8)
where (σ, τ) = (σ1 + iσ2, τ1 + iτ2) ∈ C2. For details see the next section. We note that the systems
z˙ = Fσ(z) and z˙ = Gσ,τ (z) may not be structurally stable.
Local dynamical features of a Poincare´ map only depend on a ﬁnite order jet, so all such features
of (1.5), see Table 1, are determined by Fσ , if the system is non-degenerate, and by Gσ,τ , if the system
is mildly degenerate. On the other hand, more global phenomena, like heteroclinic connections, do
not translate one-to-one between maps and approximating vector ﬁelds, since such dynamics also
depends on higher order terms. Nevertheless, parameter values for which homoclinic or heteroclinic
connections occur generically do turn into open regions corresponding to homoclinic or heteroclinic
tangles, see [5, 6, 15].
Remarks.
1. By computing a Poincare´ map for (1.5), utilizing the Poincare´–Takens normal form procedure,
we encounter a “simple” approximating planar Zq-symmetric vector ﬁeld Nμ of which the
bifurcation diagram provides topological information on the dynamics of the original system.
2. We can also consider the procedure the other way around: For a given family of planar
diﬀeomorphisms undergoing a resonant bifurcation, the normal form Nμ provides a vector
ﬁeld approximation. The latter point of view is useful for studying the dynamics in families
of diﬀeomorphisms near resonance.
3. The form (1.5) also appears when periodic evolutions of autonomous systems are studied
using center manifold reduction [6].
Bifurcation diagram of z˙ = Gσ,τ (z). The bifurcation diagram of z˙ = Fσ(z) is already given in
Fig. 2. So we proceed with brieﬂy demonstrating the complexity of the bifurcation diagram in the
mildly degenerate case by considering an interesting 2-dimensional cross-section of the bifurcation
set corresponding to z˙ = Gσ,τ (z) for q = 7. More speciﬁcally, Fig. 4 displays such a section for
(τ1, τ2) = (−0.1, 0). The following codimension 1 bifurcation curves occur:
1. The curve Ho of Hopf bifurcations. Crossing this curve transversally from σ1 < 0 to σ1 > 0
causes the central equilibrium to loose stability.
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Fig. 4. Bifurcation set of the planar Poincare´–Takens normal form system z˙ = Gσ,τ(z) given in (1.8) for
τ = (−0.1, 0) and q = 7, with two subsequent magniﬁcations in the (σ1, σ2)-parameter plane near interesting
regions. See Section 1.2 for the meaning of the symbols. The curves of type A2 are fatter to facilitate the
identiﬁcation of the resonance set.
2. The curves (A2)k, with k = 1, . . . , 5, of saddle-node bifurcations of equilibria.
3. The curves L± of saddle-node bifurcations of limit cycles.
4. The curves H±1,2 of heteroclinic bifurcations of equilibria. The heteroclinic connections taking
place for parameter values on the curves H±1 form heteroclinic cycles [6, Section 9.5].
Moreover, the following codimension 2 bifurcation points occur:
1. The points A±3 of cusp bifurcations of equilibria.
2. The points DH± of degenerate heteroclinic bifurcations of equilibria, where the curves L±
are attached to the curves H±1 .
3. The points (A2H)±1,2 of degenerate heteroclinic bifurcations of equilibria. At (A2H)
±
1 two
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-0.4 -0.2 0 0.2 0.4
Region 4 0.00228,-0.00195,0
Fig. 5. Phase portraits of the system z˙ = Gσ,τ(z). The values of σ1, σ2 and τ2, as well as the corresponding
region in the parameter plane (see Fig. 4), are indicated on top of each plot. From region 1 to 2 the central
equilibrium undergoes the Hopf bifurcation Ho. In these regions there is also an unstable phase-locked invariant
cycle surrounding the origin. When parameters are moved from region 2 to 3 the attracting limit cycle turns
into a heteroclinic cycle at the heteroclinic bifurcation H−1 and disappears. Between region 3 and 4 the saddle-
node bifurcation L− of limit cycles occurs. For bifurcations between neighboring regions that are not yet
discussed we refer to Fig. 4.
Although the cross-section of parameter space with (τ1, τ2) = (−0.1, 0) does not contain any
homoclinic bifurcations, they do occur in cross-sections corresponding to other values of τ .
The above bifurcation curves induce a subdivision of the (σ1, σ2)-parameter plane into 16
regions. If (σ1, σ2)-parameter values are varied within a region, then the corresponding phase
portraits remain topologically equivalent. On the other hand, if the boundary of a region is crossed
transversally, then the corresponding topology changes at the crossing. We only present phase
portraits for regions 1-10 (see Figs. 5, 6, and 7), since if τ = τ (in particular, if (τ1, τ2) = (−0.1, 0)),
then the system z˙ = Gσ,τ (z) is invariant under the transformation
σ → σ, z → z. (1.9)
Remark 1. The following typographical conventions are adopted for the phase portraits in
Figs. 5, 6, and 7. Attracting (repelling) periodic orbits are represented by solid (dashed) curves.
Similarly, unstable (stable) manifolds of saddle equilibria are represented by solid (dashed) curves.
Equilibria are also plotted diﬀerently according to their stability properties: Attractors, repellors
and saddles are plotted with small disks, squares and triangles, respectively.
2. MAIN TOOLS
Here we explain the main tools, i.e., Lyapunov–Schmidt reduction and singularity theory, for
showing what types of geometry of the resonance set occur in the non-degenerate and a mildly
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-0.4 -0.2 0 0.2 0.4
Region 8 0.0021443,-0.0001872,0
Fig. 6. Continuation of Fig. 5. For region 8, two subsequent magniﬁcations near one of the saddles have been
added in the boxes. Between regions 5 and 6 there is the saddle-node bifurcation L− of limit cycles. Changing
parameters from region 7 to regions 8 causes the “inner cycle” and “outer cycle” in region 7 to be broken up
by the heteroclinic bifurcation H−2 . For bifurcations between neighboring regions that are not yet discussed













-0.4 -0.2 0 0.2 0.4
Region 10 -0.0008,-0.005555,0
Fig. 7. Continuation of Fig. 6. Phase portraits for regions 11–16 are not included because, due to the symmetry
in (1.9), up to mirroring in the x-axis they are the same as the phase portraits for regions 2, 4, 5, 8, 9 and
10, respectively. Moving parameters from region 10 to region 9 the saddle-node bifurcation (A2)1 between two
sets of Z7-symmetric equilibria occurs. For bifurcations between neighboring regions that are not yet discussed
we refer to Fig. 4.
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degenerate case. Moreover, we provide the solution of the accompanying recognition problem. To
this end we focus on the general setting of resonant families of diﬀeomorphisms.
2.1. Lyapunov–Schmidt Reduction
Our method to determine resonance sets for discrete systems proceeds as follows. Obtain
parameter values for which a family of smooth diﬀeomorphisms Pμ : Rm → Rm, with 2  m ∈ N
and μ near 0 ∈ Rn, has q-periodic orbits, i.e., solve the equation P qμ(x) = x. Utilizing a method
due to Vanderbauwhede [16], we can solve for such orbits by Lyapunov–Schmidt reduction. More
precisely, a q-periodic orbit consists of q points x1, . . . , xq, where
Pμ(x1) = x2, . . . , Pμ(xq−1) = xq, Pμ(xq) = x1.
These orbits are the zeros of the family P̂μ : (Rm)q → (Rm)q given by
P̂μ(x1, . . . , xq) = (Pμ(x1)− x2, . . . , Pμ(xq)− x1).
This map is Zq-equivariant. More speciﬁcally, if we deﬁne ξ : (Rm)q → (Rm)q, which generates a
Zq-action on (Rm)q, as follows,
ξ(x1, . . . , xq) = (x2, . . . , xq, x1),
then
ξ ◦ P̂μ = P̂μ ◦ ξ.
Notice that by considering P̂μ the Zq-symmetry of q-periodic points of Pμ has become a full
symmetry.
Assuming that Pμ(0) = 0 and that the map DxP0(0) has only two critical eigenvalues of the
form e±2πip/q implies that the kernel of DyP̂0(0), with y = (x1, . . . , xq), is 2-dimensional. Hence,
the implicit function theorem cannot be used to solve P̂μ(y) = 0 near μ = 0. However, Lyapunov–
Schmidt reduction allows us to reduce the latter equation to ﬁnding zeros of a reduced map from
R
2 to R2. Identifying R2 with C, we need to obtain the zeros of a reduced family Gμ : C → C with
Gμ(0) = 0 and DzG0(0) = 0. This family also inherits the symmetry of P̂μ, i.e., let ω be a critical
eigenvalue of DxP0(0), then
Gμ(ωz) = ωGμ(z).
As ω generates an action of the group Zq on C, we have that Gμ is Zq-equivariant. Due to this
symmetry and the property that G0 has a singular zero at z = 0, Zq-equivariant contact-equivalence
singularity theory provides a natural setting for the study of Gμ.
2.2. Zq-equivariant Contact-equivalence Singularity Theory
In this subsection we derive normal forms for the families Gμ by applying singularity theory. To
begin with, we present a standard form for a family of planar Zq-equivariant smooth (non-analytic)
germs, which is given by
Gμ(z) = Kμ(u, v)z + Lμ(u, v)zq−1, (2.1)
where u = |z|2, v = zq + zq and Kμ, Lμ are uniquely deﬁned complex-valued Zq-invariant map
germs [1].
Contact-equivalence Contact-equivalence singularity theory approaches the study of zeros of
a family by implementing coordinate changes that transform the family to a “simple” normal form
and then solve the normal form equation. To make this precise we introduce n-parameter Zq-contact-
equivalence transformations, which are given by a pair of the form (Sμ, Zμ), where Sμ : C → C\{0}
is a smooth map germ satisfying S0(z) = 1 and Sμ(ωz)ω = ωS(z), with ω = e2πip/q, and Zμ : C → C
is a Zq-equivariant diﬀeomorphism germ, with Z0(z) = z. We call the two planar Zq-equivariant
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families Hμ and Gμ Zq-contact-equivalent if there is a Zq-contact-equivalence transformation
(Sμ, Zμ), such that
Hμ(z) = Sμ(z)Gμ(Zμ(z)).
It follows that contact-equivalences preserve the zeros of a map up to a diﬀeomorphism.
Recognition conditions. Now we are in the position to characterize two classes of Zq-
equivariant families. The non-degenerate case corresponds to families of which only the linear part
becomes zero for μ = 0, while in the mildly degenerate case all coeﬃcients of terms up to third order
become zero for μ = 0. More speciﬁcally, consider (2.1), with K0(0, 0) = 0, since DzG0(0) = 0 for the
Lyapunov–Schmidt reduced function, and L0(0, 0) = 0, which we impose to avoid high degeneracies,
then the following results hold.
1. If DuK0(0, 0) = 0, q  5 and if
μ → (Re(Kμ(0, 0)), Im(Kμ(0, 0))) (2.2)
is a submersion at μ = 0, then Gμ is Zq-contact-equivalent to the normal form for the non-
degenerate case given by Fσ(μ) in (1.7). Here the notation σ(μ) indicates that besides a
contact-equivalence transformation also a smooth submersive reparametrization of parameter
space is needed to obtain the normal form.
2. If DuK0(0, 0) = 0, D2uK0(0, 0) = 0, q  7 and if
μ → (Re(Kμ(0, 0)), Im(Kμ(0, 0)),Re(DuKμ(0, 0)), Im(DuKμ(0, 0))) (2.3)
is a submersion at μ = 0, then Gμ is Zq-contact-equivalent to the normal form for the mildly
degenerate case given by Gσ(μ),τ(μ) in (1.8). Here the notation σ(μ) and τ(μ) indicates that
again a smooth submersive reparametrization of parameter space is needed to obtain the
normal form.
Remarks.
1. The latter recognition conditions on Kμ and Lμ distinguishing between the non-degenerate
and mildly degenerate case can also be applied to the Zq-equivariant (q − 1)-jet of the
Poincare´–Takens normal form vector ﬁeld of the previous section.
2. The normal forms Fσ and Gσ,τ are universal unfoldings of the degenerate germs F0 and G0,0
respectively. This means that every Zq-equivariant parameter dependent deformation of F0 is
Zq-contact-equivalent to Fσ up to a reparametrization of parameter space and, additionally,
the number of parameters is minimal for this property to be satisﬁed. This minimal number
of parameters is the codimension of F0. The same relations hold between G0,0 and Gσ,τ .
3. Gradual violation of degeneracy conditions, like L0(0, 0) = 0, gives rise to a familiar endless
sequence of cases with ever higher codimension.
Resonance sets. Finally, we are in the position to determine the geometry of generic resonance
sets. To this end we consider the corresponding boundaries, which are given by parameter values for
which the number of q-periodic orbits of Pμ, or zeros of Gμ, changes. These changes occur when Gμ
has a singular zero, i.e., for parameter values on the discriminant set of Gμ given by
{μ ∈ Rn | there exists a z such that Gμ(z) = 0 and det(DzGμ(z)) = 0}.
We observe that discriminant sets are preserved by contact-equivalences. Hence, in the non-
degenerate case the boundary of the resonance set is diﬀeomorphic to the Cartesian product of Rn−2
and the discriminant set of Fσ. In the mildly degenerate case the boundary is diﬀeomorphic to the
Cartesian product of Rn−4 and the discriminant set of Gσ,τ .
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3. CONCLUSION AND FUTURE WORK
The main aim of the current paper is presenting a novel practical procedure to detect non-
degenerate and mildly degenerate Hopf–Ne˘ımarck–Sacker bifurcations in families of periodically
forced oscillators. In particular, the mildly degenerate situation forms a “next case” in the general
program for recognizing bifurcations, cf. [6]. We also explain how recognition conditions for HNS
families determine the local geometry of the resonance set attached to the central resonant HNS
bifurcation point. As an illustration, the results are applied in a leading example: A generalized
Duﬃng–Van der Pol oscillator.
Moreover, we show that the resonance set, up to a small diﬀeomorphic distortion, forms only a
small part of a more complicated bifurcation set, which is obtained using a Poincare´–Takens normal
form vector ﬁeld approximation of the family of diﬀeomorphisms. The 2-dimensional tomograms of
parameter space investigated for this family of vector ﬁelds demonstrate a rich variety of bifurcations
including (degenerate) Hopf, homoclinic, heteroclinic and Bogdanov–Takens bifurcations. A more
complete study of the bifurcation set of both the mildly degenerate universal family and the
corresponding vector ﬁeld approximation remain future work.
An interesting extension of the current paper is formulating the recognition conditions for
families of vector ﬁelds with a periodic orbit in Rk, where k  3, without assuming the reduction
to the center manifold has been performed already, cf. [6].
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